The precession of a test gyroscope along unbound equatorial plane geodesic orbits around a Kerr black hole is analyzed with respect to a static reference frame whose axes point towards the "fixed stars." The accumulated precession angle after a complete scattering process is evaluated and compared with the corresponding change in the orbital angle. Limiting results for the non-rotating Schwarzschild black hole case are also discussed.
I. INTRODUCTION
In contrast to Newtonian gravitational theory where a test gyroscope orbiting in a stationary gravitational field keeps its spin vector pointing along a fixed direction with respect to the "fixed stars", in general relativity this direction rotates or "precesses" due to motion with respect to the stationary field as well as to the Lense-Thirring frame dragging effects of the stationary field itself [1] [2] [3] . Leonard Schiff [4] initiated interest in measuring this precession which led to the Gravity Probe B experiment which took many decades to conclude its mission. It confirmed the predictions of general relativity a half century later [5, 6] .
Other than in the context of circular orbits [7] [8] [9] [10] , very little has been written on the topic of gyroscope precession along more general orbits in curved spacetime [11] [12] [13] . In flat spacetime this effect is intimately connected with Thomas precession [14, 15] which in turn is a consequence of a time-varying direction for a sequence of successive Lorentz boosts along a timelike world line, coupled with the way in which Lorentz boosts fit into the group of Lorentz transformations [16] [17] [18] [19] [20] [21] [22] [23] [24] . At the Lie algebra level, the commutator of any two boost generators along distinct spatial directions leads to a rotation in the plane spanned by the two independent directions. At the Lie group level, two successive boosts are equivalent to a single boost followed by or preceded by a rotation, called a Wigner rotation [25] .
For a time varying boost B(λ) along a timelike world line (with parametric equations x α = x α (λ), λ being an affine parameter), the natural Lie algebra derivative B(λ) −1 dB(λ) or dB(λ) B(λ) −1 as appropriate, evaluated using some geometrically defined derivative along the world line and projected into the local rest space of the world line, defines an angular velocity for a timedependent Wigner rotation along that world line, the "precession" of the direction of the spin vector of the gyroscope. For a classical electron in a circular orbit, this is precisely the Thomas precession which ignores the slight deviation of the observer-measured spin vector in both direction and magnitude to maintain its orthogonality to the 4-velocity of its world line. To make this vague mathematical discourse concrete one has to specify how this boost enters naturally into the problem, and what is its interpretation in terms of observable quantities.
The spin of a test gyroscope in a curved spacetime is well known to undergo Fermi-Walker transport along its world line, which reduces to parallel transport in the case of geodesic motion. Gyroscope precession, however, is a concept which requires a comparison, namely with some preferred reference frame with respect to which the spin vector rotates or "precesses." In a generic time-varying spacetime with no symmetries, it is hard to imagine how this comparison can be made in a meaningful way.
The easiest case to unambiguously define this mathematical machinery is for the case of planar orbits in an asymptotically flat stationary axially symmetric spacetime, but more general orbits can also be handled. For planar motion the spin precession angular velocity vector orthogonal to the orbital plane naturally reduces to a scalar angular velocity precession frequency, another big simplification. One might as well use the Kerr family of rotating black hole spacetimes including its nonrotating Schwarzschild limit to explicitly evaluate the precession. This has been done recently for quasi-elliptical orbits in the equatorial plane of a Kerr spacetime [26] , namely bound orbits which do not fall into the black hole, but merely precess around the hole. We extend this analysis here to unbound orbits which do not fall into the black hole, namely "quasi-parabolic" or "quasi-hyperbolic" orbits which also precess around the hole as they come in from spatial infinity and then go back out in a scattering process. One can then also evaluate the total spin precession at spatial infinity for the entire orbit.
This situation is physically interesting since it contains the main characteristics of the more realistic black-hole black-hole scattering which, when the holes are spinning, may give rise to observational effects associated with the rotation of their spin vectors during the process. To get some insight into this more complex problem, one may consider a test gyroscope orbiting in the gravitational field of a spinning black hole as a first approximation. Finally, the present investigation is also interesting in the 
FIG. 1:
The relative observer boost plane of the two 4-velocities u and U within the tangent space showing the relative velocity and rapidity hyperbolic decomposition of the projections parallel and perpendicular to u. The relative speed is ||ν(U, u)|| = tanh α, illustrated here with value 0.5, while the gamma factor is γ(U, u) = cosh α. 
FIG. 2:
The relative observer plane, the relative velocities and the associated relative observer maps between the local rest space directions in that plane, for a vector X ∈ LRSU .
context of recent progress being made in gravitational self-force /gravitational self-torque computations for a particle/gyroscope moving in a perturbed Kerr spacetime [27] [28] [29] . Indeed, in the near future may be possible to "analytically" compute the full gravitational wave rate of emission by a particle being scattered by the hole, the main difficulty being the existence of a continuous spectrum of frequencies instead of a single frequency as in the simpler case of circular motion. Approaching this challenge will be possible only after the "background" (Kerr) problem is completely solved and discussed in all its subtle aspects.
II. PRECESSION IN AN ASYMPTOTICALLY FLAT STATIONARY SPACETIME
In an asymptotically flat stationary spacetime consider a "static" orthonormal frame containing the 4-velocity unit vector field u = ℓ −1 ξ (ℓ being a normalization factor) of a family of world lines which are integral curves of the timelike Killing vector ξ, interpreted as the trajectories of "static test observers", which generically are accelerated. By static, we mean at rest with respect to observers at spatial infinity. Imagining the points on the (nonrotating) sphere at spatial infinity as the locations of the "fixed stars", the light rays arriving from these fixed stars at a point in the spacetime are seen as having fixed directions in the local rest space of the static observers with respect to the static axes in that local rest space. In other words the local static axes (which could be thought of as pointing at three fixed guide stars) determine a local celestial sphere which is rigidly connected to the asymptotic celestial sphere through the stationary symmetry. If the static observers are carrying test gyroscopes undergoing Fermi-Walker transport, one can directly compare the spin vector with the static axes to evaluate its relative rotation. The precession of the actual spin vector with respect to these local axes has a direct interpretation as its precession "with respect to the fixed stars."
When we consider a timelike world line of a test gyroscope in relative motion with respect to the congruence of static observers, the aberration of the light rays arriving from the celestial sphere at spatial infinity distorts the pattern of fixed stars which are also seen to rotate with respect to a set of axes which are FermiWalker transported along the test gyroscope world line. One can remove the effect of the aberration (not literally but suggestively) by actively boosting the static axes to the local rest space of the gyro world line, leaving only the rotation of the fixed stars with respect to the gyrofixed axes. This can be interpreted as the precession of the gyroscope spin vector with respect to the fixed stars. Since the boost is an isometry, this is equivalent to boosting the spin vector back to the static observer local rest space and comparing it directly to the static frame (approaching the gyroscope precession problem in this original way was first discussed in [12] , including a number of interesting geometrical details).
The gyros carried along by the static observers precess with the gravitomagnetic precession due to the vorticity of static observer congruence. The additional precession due to the relative motion along general world lines is the total precession. This latter contribution consists of two terms, one due to the 4-acceleration of the world line, and one which remains even for geodesic motion, due to the relative gravitational force associated with the static observers, itself containing both a gravitoelectric and a gravitomagnetic term.
Let LRS u be the local rest space of the observer u (subspace of the tangent space orthogonal to u) and let U be the 4-velocity of the gyro world line in relative motion.
To discuss the boost from LRS U to LRS u or viceversa, one needs the machinery of the relative observer boost plane [12] , illustrated in Figs. 1 and 2 (see also [9, 11] for details). Representing U in terms of its gamma factor, relative velocity and unit direction, and rapidity α with respect to u, one has
where p(U, u) = γ(U, u)ν(U, u) denotes the 4-momentum per unit mass ("of U as seen by u") with
The boost B(U, u) ("from u to U ," right to left, acting on the left) takes u to U in their plane, while acting as the identity in the orthogonal complement of this plane.
Let P (u) = Id + u ⊗ u ♭ be the (mixed) projection tensor into LRS u and identify linear maps from the tangent space into itself with right contraction of the corresponding 1 1 -tensor: P (u)X = P (u) X. We can further decompose the projection into an orthogonal decomposition with respect to the relative velocity direction
Let B(u, U ) (lrs) = P (u)B(u, U )P (U ) be the projection of the inverse boost from LRS U to LRS u . From Fig. 2 , it is clear that this boost merely contracts the parallel direction by a factor of the gamma factor relative to the projection 1 so
This relative boost contains all the information about the spin precession of a test gyroscope moving along its orbit, and its appropriate Lie algebra derivative along the world line determines the angular velocity of the rotation of the direction of the spin vector relative to the static frame of the static observers.
III. EQUATORIAL PLANE ORBITS AROUND A KERR BLACK HOLE
Consider the Kerr metric written in standard BoyerLindquist coordinates (x α ) = (t, r, θ, φ) [31, 32] 
where a = J/M is the specific angular momentum of the source (withâ = a/M dimensionless) and
The inner and outer horizon radii are at r ± = M ± √ M 2 − a 2 . Units are chosen here such that G = c = 1. The static observers move along the time coordinate lines with 4-velocity u ≡ (−g tt ) −1/2 ∂ t aligned with the Killing vector field ∂ t and play a fundamental role in the spin precession as seen by observers at rest with respect to the coordinates far from the black hole.
The Boyer-Lindquist spatial coordinates r, θ, φ are spherical-like coordinates whose normalized coordinate spatial frame can be boosted to the local rest space of the static observer 4-velocity u along the azimuthal direction to yield a spherical triad E i , i = 1, 2, 3 defining the local celestial sky tied to the asymptotically flat (nonrotating) celestial sphere by the stationary symmetry. At the equatorial plane θ = π/2, this frame is explicitly [12, 33] 
where N = 1 − 2M/r. The orthonormal spatial frame vectors E 1 , E 2 , E 3 satisfy the usual cross-product algebra with respect to the × u cross product operation on LRS u , with E 2 pointing "downward" at the equatorial plane. One might even introduce a "Cartesian frame" within the equatorial plane with E z = −E 2 and rotating the remaining two spherical frame vectors by the angle φ in the clockwise direction in that plane
This provides a reference frame to compare a moving gyroscope spin vector direction and thus define a precession along its orbit, once its relative motion with respect to the static observers is taken into account with a relative boost.
The acceleration a(u) = ∇ u u and vorticity vector ω(u) (i.e., the spatial dual of the vorticity tensor, defined as the antisymmetric (ALT) part of the projected covariant derivative of u, ω(u) = ALTP (u)∇u) of the static observer congruence at the equatorial plane are
These point radially outward (to resist falling into the black hole) and vertically upward at the equatorial plane (corresponding to frame dragging in the positive azimuthal direction when a > 0), respectively. Timelike geodesic world lines in this metric x α = x α (τ ) parametrized by the proper time τ have a 4-velocity U α = dx α /dτ whose coordinate components satisfy
where ǫ r and ǫ θ are sign indicators, and
where K is Carter's constant associated with the symmetric Killing 2-tensor of the Kerr spacetime [34] and E and L are the conserved energy and angular momentum per unit mass associated with the Killing vector fields ∂ φ and ∂ t of a test particle in geodesic motion. Note that E and L/M are dimensionless. We are interested here in equatorial plane orbits, i.e.,
When the orbital angular momentum L and the rotation a of the black hole are of the same/opposite sign (prograde or corotating orbits versus retrograde or counterrotating orbits), the orbital angular velocityφ ≡ dφ/dτ is increased/decreased. Eq. (13) implies that dφ/dτ changes its sign when
If sgn(aL) > 0 (prograde), r s is always inside the outer horizon, whereas if sgn(aL) < 0 (retrograde), r s can lie in the region outside but near the horizon. This is irrelevant if r s is less than minimum radius along an unbound orbit. If a ≥ 0, then prograde (corotating) and retrograde (counterrotating) orbits correspond respectively toφ > 0 andφ < 0. Formulas valid for retrograde orbits can be obtained from those for prograde orbits by a → −a and L → −L, under which x → −x.
At the equatorial plane the downward vertical unit vector E 2 along θ is covariant constant within the plane, and the precession of a test gyroscope in such a planar orbit only undergoes a rotation in the 2-plane of the radial r and azimuthal φ directions. These static observer frame directions are all locked to the observers at rest at spatial infinity, and so provide a natural way to measure the spin precession as seen by distant observers, modulo the boost between the local rest space of the gyro and that of the static observers tied to the coordinate grid needed to compensate for the relative motion.
With respect to the frame (7), the geodesic 4-velocity can be represented as
and, suppressing the (U, u) qualifier for simplicity,
The radial variable along those orbits which have a minimum radius and nonconstant φ can be expressed in the form [32] 
where χ is a new function of the proper time along world line of the gyro, e ≥ 0 is the eccentricity parameter, and M p is the semi-latus rectum. Note that p is dimensionless, as is its reciprocal u p = 1/p. with. The value χ = 0 corresponds to the periastron radius,
In this paper we are interested in unbound orbits, i.e., with eccentricity e ≥ 1, starting far from the hole at radial infinity, reaching a minimum approach distance r per from the hole (periastron), and then coming back to radial infinity, corresponding to χ ∈ [−χ (max) , χ (max) ], χ (max) = arccos(−1/e). The special case E = 1 = e corresponds to a precessing parabolic orbit (say, "paraboliclike"'), while E > 1, e > 1 corresponds to precessing hyperbolic orbits (say, "hyperbolic-like"'). For simplicity we will assume that dφ/dτ > 0 and allow −1 ≤â ≤ 1, so the sign ofâ determines prograde (+) and retrograde (−) orbits. Fig. 3 shows two examples of hyperbolic-like orbits with χ (max) = 2π/3 and u p = 0.05, 0.1. The conserved quantities E andx can be expressed in terms of p and e as follows [26, 35] 
where the dimensionless coefficients F , N and C given by
[See Ref. [26] for a discussion of the correlation between the signs in the roots of the biquadratic forx and the sign ofâ.] Eq. (12) can be rewritten in factored form
where
The motion is confined to r ≥ r per . As in the case of bound orbits, when r 3 = r per the effective potential for radial motion has a critical point with a negative second derivative at the periastron corresponding to an unstable circular orbit radius r c , making the eccentric orbit at that energy marginally stable [35] . This condition on allowed values of (e, p) determines the "separatrix," whose parametric equations are given by [36] 
with ∆ c = ∆(r c ). These may be re-expressed in terms of the parameter u p = 1/p using u p (1 + e) = M/r c . Finally, we list below the t and φ geodesic equations parametrized by χ, i.e.,
with
Unbound geodesic orbits in the equatorial plane which are not captured by the black hole start at infinite radius at the azimuthal angle φ = φ(−χ (max) ), the radius decreases to its periastron value at φ = φ(0) and then returns in a symmetrical way back to infinite value at φ = φ(χ (max) ), undergoing a total increment of ∆φ = φ(χ (max) ) − φ(−χ (max) ). If we choose φ(0) = 0, then ∆φ = 2φ(χ (max) ), and the deflection angle from the original direction of the orbit is the complementary angle π − 2φ(χ (max) ). The difference ∆φ − 2χ (max) = 2(φ(χ (max) ) − χ (max) ) is the additional precession of the hyperbolic-like orbit relative to the corresponding Newtonian hyperbolic orbit with the same parameters (e, p). Fig. 4 shows the behavior of this quantity for selected values of these parameters.
A. Explicit solution of orbital equations
One can solve the orbital equation φ = φ(r) as follows starting from the equations for r and φ in terms of the dimensionless inverse radial variable u = M/r, i.e.,
and
which can be combined to yield
(28) For hyperbolic orbits we have u 1 < 0 < u ≤ u 2 < u 3 , so that integration gives
with φ(u 2 ) = 0 (periastron) and
Using the decomposition
Eq. (28) can be expressed in terms of elliptic integrals (defined below) through formula 3.137(4) on p. 258 of [37] as
The total change in φ for the complete scattering process is then given by 2φ(0) determined by Eq. (32) with α = α(0) = −u 1 /(u 2 − u 1 ).
In the Schwarzschild limit we have
and Π(α, 0, m) = F (α, m) and Π(0, m) = K(m), so that
and hence Note that the first term in Eq. (32) vanishes in this limit, since u 4 = 1/2 = u + . Here K(k) and F (ϕ, k) are the incomplete and complete elliptic integrals of the first kind, respectively, defined by
whereas
are the incomplete and complete elliptic integrals of the third kind, respectively [37] .
IV. MARCK'S PARALLEL PROPAGATED FRAME ROTATED FROM A PRELIMINARY FRENET-SERRET FRAME
Marck constructed an orthonormal frame containing the gyro 4-velocity U = e 0 which is parallel transported along an arbitrary geodesic in the Kerr spacetime [38, 39] using Kerr's Killing-Yano tensor 2-form f . In the equatorial plane the second frame vector is then obtained by forming the unit spacelike 1-form
which is orthogonal to e 0 and is parallel propagated along the geodesic orbit. Marck then completed these first two vector fields to an orthonormal frame adapted to U by adding the two vector fields whose corresponding 1-forms (indicated by ♭) at the equatorial plane are [40, 41] 
whereṙ = dr/dτ is given by (12) . The associated vectors instead read
This initial non-parallel propagated frame {e 0 ,ẽ 1 , e 2 ,ẽ 3 } is closely related (through two successive relative velocity boosts [26] ) to the Carter orthonormal frame [34] which is the key to the geometrical properties of the Kerr spacetime, unlocking the geodesic equations through their separability, as well as Maxwell's equations and other linear spin field equations. The timelike and radial Carter frame vectors span the 2-plane containing the principal null directions of the spacetime, while its temporal and azimuthal frame vectors span the orthogonal 2-plane containing the Killing vectors [30] . This frame aligns the electric and magnetic parts of the Killing 2-form and diagonalizes the electric and magnetic parts of the Riemann curvature tensor (equal to the Weyl tensor), while the magnetic part vanishes on the equatorial plane.
The Marck frame in turn is the key to parallel transport along geodesics. For Marck's preliminary frame the electric and magnetic parts of the curvature (the sign of the magnetic part of the Riemann tensor depends on the sign convention chosen for the unit volume 4-form used to define the duality * operation)
evaluated along the geodesic world line 4-velocity U , have the following simple expressions
The electric part of Riemann is still diagonal here, while the magnetic part has a canonical off-diagonal form. This diagonalization was mentioned in Ref. [42] in their discussion of bound equatorial plane geodesic orbits. This property seems to be the main geometrical characterization of Marck's frame for general orbits. This preliminary Marck frame is a degenerate FrenetSerret frame along the geodesic (but in the order {e 0 ,ẽ 1 ,ẽ 3 , e 2 } with κ = 0, τ 1 = T , τ 2 = 0 in Ref. [43] )
with Frenet-Serret angular velocity vector ω (FS) = −T e 2 , so that
By direct evaluation one finds the angular velocity T of the gyro-fixed axes with respect to the preliminary Marck axes (in the clockwise direction when T > 0) is [38, 39] 
When T > 0, the Marck frame vectorsẽ 1 ,ẽ 3 rotate in the counterclockwise azimuthal direction with respect to parallel transported axes. Rotating them by a clockwise rotation angle Ψ in this plane to get Marck's final parallel propagated frame {e α },
i.e., the tilde frame is rotated by the angle Ψ in the counterclockwise direction with respect to the parallel propagated frame in that plane. A parallel transported spin vector has constant components in this frame.
For a circular orbit at constant r, T is a constant frequency leading to a uniform rotation of the spin vector. For unbound orbits with E > 1, the two terms in the final right hand side of (46) show that the frame dragging effect associated with a reverses direction with respect to the bound orbits where E < 1 but apart from sign is aligned with the rotation of the black hole independent of the azimuthal orbital direction, while the orbital precession term associated with L is always in the same direction as that orbital direction. For E = 1 orbits the frame dragging term does not directly contribute, and when in addition L = 0, the total precession term T vanishes, which means that the spin direction is locked onto the Marck frame for purely radial infall in the Schwarzschild case.
The Marck frame vectorẽ 1 itself is locked to the radial direction E 1 = 1/ √ g rr ∂ r in the spherical grid of the static observers following the time lines, differing only but a boost due to the radial motion of the gyro alone, not including the azimuthal motion. This grid does not rotate with respect to observers at rest at spatial infinity. Along the geodesics E 1 rotates with respect to fixed Cartesian axes at radial infinity (i.e., with respect to the Cartesian frame (8)) by a rate determined by the orbital angular velocity dφ/dτ measuring the rate of rotation of these axes in the counterclockwise direction of increasing φ coordinate. Subtracting the angular velocity T of the gyro axes in the clockwise direction gives the total coordinate time angular velocity of the gyro spin relative to axes whose directions are fixed along the orbit with respect to radial infinity as
This precession frequency corresponds to the counterclockwise rotation by φ of some initial spherical axes in the rest frame of the orbit (clockwise when φ < 0), choosing Ψ = 0 at φ = 0 to align them with the spherical frame vectors initially at τ = 0, which are then rotated clockwise by the angle Ψ to keep them "parallel" to the original axes (in the sense of parallel transport)
(49) It is the difference between these two opposing angles which leads to a net precession with respect to the static observer grid. Apart from spacetime relative tilting of the spin vector which does not contribute to cumulative rotation of the spin (Wigner rotation effects [26] ), this is just the rotation which leads to the spin angular velocity derived in Appendix A for a stationary asymptotically flat spacetime.
Note that the proper time precession frequency has the following simple representation in terms of the constants of the motion Fig. 5 shows the typical behavior of Ω (prec) as an even function of χ for selected values of the black hole rotation parameter. At χ = 0, ±χ (max) the precession angular velocity has relative maxima, with relative minima in between. Fig. 6 shows instead the precession frequency as a function of the proper time along the orbit, exhibiting the same behavior. The vanishing of the precession frequency occurs at a particular value of the radial coordinate along the orbit where the orbital frequency Ω (orb) ≡ dφ/dτ is balanced by the Frenet-Serret torsion T . Therefore, a positive precession frequency means orbital frequency dominance, whereas a negative one means Frenet-Serret torsion dominance (see Fig. 7 ). The corresponding value of r can be determined analytically by solving the cubic equation Ω (prec) = 0. Finally, Fig. 8 shows the total precession angle
the deflection angle
and their difference δ = ∆φ (gyro) −∆φ (orb) as functions of a. Indeed, explicit formulas for these quantities are not very illuminating. Note that restrictions to the allowed values of the eccentricity arise from the existence of the separatrix curve in the (u p , e) space. For example, for a = 0.1 and u p = 0.05 it turns out that e ≤ e sep ≈ 7.2660.
A. The Schwarzschild limit
Since the general formulas describing this problem are rather complex for nonzero rotation, it is instructive to consider the Schwarzschild limit a = 0 where reasonable formulas can be found.
Along the orbit the energy and angular momentum (per unit mass) are constant and are related to the eccentricity and the semilatus rectum p = 1/u p by
where now E ≥ 1 (and also e ≥ 1), with equality holding for the parabolic-like orbits. [The expression for E in terms of L requires the solution of a cubic equation.] Using χ in place of r, the t-and φ-geodesic equations (23) for prograde orbits become
The latter equation can be exactly integrated, choosing φ(0) = 0, to yield [32, 44] 
where we recall
This solution coincides with Eq. (35) when expressing u in terms of χ as u = u p (1 + e cos χ). The above representation in terms of elliptic integrals is valid only for the range of values 0 < m < 1. The limiting value m = 1 where it fails corresponds to the relationship
which describes the separatrix (22) for a = 0 beyond which these orbits are captured by the black hole. For example, m = 1 when u p = 0.1 and e = 2, while r (per) /M = 10/3. Finally, the total deflection angle over the entire orbit is given by
where χ (max) = arccos(−1/e) and
in agreement with Eq. (36), since χ = χ (max) corresponds to u = 0. On the other hand the precession of the hyperbolic orbit can be inferred as the difference between the increment of φ compared to the increment of χ for the Newtonian orbit with these parameters, namely 2(φ(χ (max) ) − χ (max) ), as shown in Fig. 4 . The gyroscope angular velocity (50) simplifies to
and behaves like (1 − E)L/r 2 as r → ∞ (and χ → ±χ (max) ), which has the opposite sign of L for hyperboliclike unbound orbits with E > 1 in that limit, corresponding to a rotation in the opposite sense compared to the azimuthal motion, but vanishing in the limit of large radii. This sign changes within the radius r 0 = L/(E − 1) ≡ M/u 0 where the angular velocity is much larger and has the same sign as for bound orbits with E < 1. This change occurs at the two values of χ defined by
At the periastron, χ = 0, the precession frequency is given by • , while the zeros occur at χ0 ≈ ±24.56
• , corresponding to r0 = 11.2173M compared to the periastron rper ≈ 3.33M . which is also an absolute maximum. The derivative dΩ (prec) /dr then vanishes at
which for positive L corresponds to the relative minima of Fig. 5 . To come full circle in this discussion of the unified nature of Thomas precession, Wigner rotations and variable direction boosts within the Lorentz group, return for a moment to the case of bound circular orbits in the Schwarzschild spacetime, where the formula (60) reproduces exactly the classical Thomas precession formula for an accelerated circular orbit in flat spacetime given by Eq. (54) of Ref. [10] . To see this start from the values of E and L for circular orbits (see Eqs. (53) with e = 0 and u p = u = M/r = const.) and use these to rewrite the equations of motion (23) as
or equivalently
Similarly one finds
Then the precession formula becomes
In other words the precession is a simple mismatch of the forward orbital angular velocity dφ/dτ of the spherical axes and the backward angular velocity dΨ/dτ = dφ/dt of the parallel transported axes to compensate. These are nearly the same but require an additional gamma factor on one or the other to compare to each other on the same clock scale, resulting in their failure to exactly cancel. The net result is a forward rotation of the spin vector undergoing this transport. Orbit eccentricity and rotation of the spacetime certainly complicate matters, but the basic point of departure is this simple fact that goes all the way back to the example of a classical electron in flat spacetime.
V. CONCLUDING REMARKS
The precession of the spin vector of a test gyroscope in geodesic motion in a Kerr spacetime following a precessing (no capture) conic section orbit has been extended from the bound to the unbound case (parabolic and hyperbolic-like orbits), generalizing previous results [26] . The spin of a gyroscope undergoes parallel transport along the orbit, and its precession is measured with respect to a static frame whose axes are aligned with the fixed stars at spatial infinity. In the construction of such a frame a key role is played by an intermediate degenerate Frenet-Serret frame first introduced by Marck [38, 39] , which is then suitably rotated to achieve parallel transport. The advantage of using Marck's frame locked to the geometry of the orbit is that the analysis is significantly simplified.
We have computed the precession frequency and the corresponding total precession angle after a complete scattering process coming in from radial infinity to the periastron and then returning to radial infinity, both in the rotating Kerr case and in its non-rotating Schwarzschild limit. Due to the symmetry of this process with respect to the periastron, the precession frequency is a symmetric function of the radial variable, reaching its maximum value (depending on the rotational parameter of the hole as well as on the orbital parameters, i.e., eccentricity and semi-latus rectum) at the minimum approach distance. While positive near the black hole, the precessional rotation of the spin is in the same sense as the orbital rotation, but as the radial variable increases, the precession frequency decreases to zero and then becomes negative, reversing direction. This reversal occurs when the orbital frequency equals the Frenet-Serret torsion of the orbit, and can be determined analytically. Indeed the spin precession is a direct competition between the orbital angular velocity and Frenet-Serret torsion of the orbit in which the latter wins out far enough from the horizon. Known results for both bound and circular orbits in the equatorial plane have been re-obtained as a consistency check.
A number of geometrical features associated with these two components have been elucidated with an appendix devoted to the study of their relationship to the classical Thomas precession and variable boost geometry of the Lorentz group, in turn flowing from the Wigner rotation property of successive boosts within that group. We have also discussed there the further decomposition of the gyroscope precession formula in terms of the spatial geometry precession frequency and Fermi-Walker transport frequency revisiting previous results and throwing new light on them.
Finally, the situation considered here is interesting as a preliminary analysis for computing gravitational selfforce/self-torque effects associated with hyperbolic encounters between black holes. In fact, one expects an enhanced gravitational wave emission at periastron, which can be detected by the current capability of detectors. The main difficulty at the moment in any modeling of such processes is to account for the continuous spectrum of the emission. Valuable attempts use the "effective-onebody" model as in Ref. [28] and post-Newtonian theory, but so far have no counterpart in black hole perturbation theory. This will be a challenge for future work. For a timelike world line x(τ ) parametrized by the proper time τ , the intrinsic covariant derivative along the world line D(U )X/dτ coincides with the covariant derivative ∇ U when acting on tensor fields on the spacetime
From now on the restriction "• x(τ )" will be understood when needed and not written explicitly. The world line is in general not geodesic, i.e., with nonzero acceleration a(U ) = DU/dτ .
Let D (fw) (U, u)T /dτ = P (u)D(U )T /dτ for any tensor T defined along the world line, and hence for a tensor field T defined on the spacetime
which defines the spatial Fermi-Walker derivative ∇ (fw) (u) along u and the spatial covariant derivative ∇(u) orthogonal to u.
Fermi-Walker transport of a vector X orthogonal to U along the world line satisfies P (U )D(U )X/dτ = 0. The Fermi-Walker transport of the spin vector S ∈ LRS U along U therefore takes the form
so its derivative is
where ζ (fw) (U, u) defines the Fermi-Walker angular velocity of the boosted spin vector with respect to u. Thus the relative angular velocity of the spin with respect to the static frame is entirely due to the natural group theoretical "logarithmic" derivative of the relative boost, which defines an antisymmetric linear transformation generating a rotation along the world line. One finds that the Fermi-Walker angular velocity is the sum of two terms: a "geodesic precession" term and a "Thomas precession" term [12] , namely
where the "gravitational force" entering the geodesic precession frequency is defined by
We find
which in the Schwarzschild case reduces to
This "relative gravitational force" involving the acceleration and vorticity of u has been represented terms of "gravitoelectric" and "gravitomagnetic" fields in analogy with the electromagnetic Lorentz force in [12] . The Thomas precession term vanishes for geodesic motion a(U ) = 0 and generalizes the special relativistic Thomas precession associated with accelerated motion with respect to an inertial frame, leaving only the first term to characterize spin precession along a geodesic, which is a gravitational analog of the Thomas precession due to the relative gravitational force. The geodesic precession is then given by ζ (fw) = ζ 
which becomes
in the Schwarzschild case. Summarizing, the spin vector S ∈ LRS U of a gyroscope carried along a world line with 4-velocity U undergoes Fermi-Walker transport along U ,
Given any family of test observers with 4-velocity u defined in some open tube around the gyro world line, one can consider the orthogonally projected relative version of this transport law with respect to u. We have shown that the boosted spin vector S(U, u) = B (lrs) (u, U )S onto LRS u (abbreviated by S below) satisfies the following transport equation
Now consider the component form of these equations with respect to various orthonormal frames defined all along U adapted either to an orthogonal decomposition with respect to U or to u. We examine the following cases:
1. Frame adapted to U and Fermi-Walker transported along U . Let e i ∈ LRS U be a spatial triad orthogonal to U and Fermi-Walker transported along U , P (U )De i /dτ = 0. Then S = S i e i and
i.e., the components of the spin vector with respect to this frame are constant.
2. Frenet-Serret frame for U . Letẽ i be the spatial triad orthogonal to U which together with U satisfies the spatial Frenet-Serret relations,
with ω FS = −T E 2 (see Eq. (46)). Then S =S iẽ i
and letting η(U ) ijk be the unit 3-form components in this frame,
3. Frame adapted to u obtained by boosting onto LRS u a Frenet-Serret frame along U . A spatial Frenet-Serret frameẽ i ∈ LRS U can be boosted to a frame E i = B (lrs) (u, U )ẽ i ∈ LRS u given by
with the abbreviation γ = γ(U, u) = −U · u. The boosted spin vector S ∈ LRS u (undergoing the transport law (A14)) then has components
so that by the definition (A2) one has
(A20) (A30) that is This is the same rotation R(Λ) as the one in LRS U relating instead the static frame boosted to LRS U to the preliminary Marck frameẽ i since the boost is an isometry. The angle of the latter rotation was explicitly evaluated in Eqs. C.15-17 of Ref. [26] in terms of the relative velocity of the gyro, and represents a non-accumulating wobble of the boosted spin vector, so we can ignore its contribution to the precession of the spin in calculating the total rotation of the gyro spin over its unbounded orbit. The associated relative angular velocity of the two spatial frames is defined by
which upon comparison of the two equations for the spin components must satisfẏ
Finally one can evaluate the angular velocity of the static frame in terms of the vorticity of u and the connection components of the frame
where ω(u) is given in Eq. (9), ω(u) = − aM r 3 N 2 E 2 . In fact
Splitting the covariant derivative along U = γ(u + ν)
one identifies a "spatial curvature" angular velocity
such that ζ sc = ζ 
We have then
The first term is the "gravitomagnetic" contribution to the angular velocity and the second is the "space curvature" contribution [12] .
